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Progress in M-theory would hinge on deeper understanding of its non-perturbative effects.
A part of these effects appear as membrane instantons in M-theory [1]. During the last
couple of years, there has been remarkable progress in understanding the membrane instan-
ton effects. In [2], the authors have completely determined the non-perturbative structure
of the free energy of M-theory on AdS4 × S7/Zk based on many different previous results.
First of all, the M-theory on this background is expected to be dual to low-energy effective
theory of multiple M2-branes [3]. Meanwhile it turns out that the M2-brane theory is
described by an N = 6 supersymmetric Chern-Simons matter theory (CSM) with gauge
group U(N)k × U(N)−k commonly referred to as ABJM theory [4]. While M-theory re-
gion (k  N1/5) cannot be accessed by the ordinary perturbative technique in the ABJM
theory, the supersymmetry localization [5] reduces the partition function of the ABJM
theory on S3 to a matrix integral [6] called ABJM matrix model. This matrix model has
been extensively studied by many approaches [2, 7–20]. After the studies of the ’t Hooft
expansion [7, 8, 10, 11] and the leading order in the M-theory limit [9], there appeared a
seminal work [13], which rewrites the ABJM matrix model as an ideal Fermi gas system
(see also [12, 21]). This Fermi gas approach enables us to reveal structures of the par-
tition function [2, 15–20] and BPS Wilson loops [22–24] in the ABJM theory, including
non-perturbative effects expected from the gravity side [1, 10, 25]. As a result, it turns out
that the ABJM free energy is completely determined by the refined topological string on
the “diagonal” local P1 × P1 whose Ka¨hler parameters for two P1’s are equal [2].
In this paper we extend the above analysis to the so-called ABJ theory [26, 27], which
is the N = 6 CSM with more general gauge group U(N)k×U(N +M)−k. The ABJ theory
is the low-energy effective theory of N M2-branes on C4/Zk with M fractional M2-branes
at the singularity. From the AdS/CFT perspective, one expects that this theory is dual to
the M-theory on AdS4×S7/Zk with a discrete torsion, and the type IIA superstring theory
on AdS4×CP3 with a nontrivial B-field holonomy. Furthermore the recent studies [28, 29]
indicate that this theory has also a relation to the N = 6 parity-violating Vasiliev theory
on AdS4 with a U(N) gauge symmetry, when M,k  1 with M/k and N kept fixed.
Thus the ABJ theory is one of the most important supersymmetric gauge theories having
M/string/higher-spin theory dual. The aim of this paper is to determine non-perturbative
structure of free energy of the M-theory on AdS4×S7/Zk with the discrete torsion via the
supersymmetry localization, Fermi gas formalism, and refined topological string.
Let us briefly summarize our result.1 Our starting point is a matrix integral represen-
























1Recently an apparently similar conclusion was obtained in [30] by a different approach. While the
values of the canonical partition function and finite part of grand potential presented in [30] are totally
consistent with our values, there is an important difference of physical interpretation between [30] and ours.






















which we call the ABJ matrix model. After conjectured in [33], the article [34] has proven
that this matrix model has another equivalent representation suitable for a Fermi gas
approach as explained in the next section. The Fermi gas expression of the ABJ matrix
model is obtained by going to the grand canonical ensemble, i.e. by introducing the chemical
potential µ and summing over N , as usual in the statistical mechanics. Moreover one can
show that the computation of the grand canonical partition function boils down to construct
a series of functions, which can be solved recursively. Thus we can exactly calculate the
canonical partition function for various k, M , up to a fairly high N = Nmax. Indeed we
have obtained exact values of the partition function for (k,M,Nmax) = (2, 1, 65), (3, 1, 31),
(4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22), which are partly listed in appendix D.
Then we compare these exact data with an expectation from the refined topological string
on local P1 × P1 with general Ka¨hler parameters, which is a natural generalization of the
ABJM case [2]. We will argue that the grand potential J
(M)
k (µ) of the ABJ theory is
completely determined by the refined topological string free energy,
J
(M)



























and T eff1,2 are the effective Ka¨hler parameters given by





















with the effective chemical potential µeff defined in (4.29). Here Ftop and FNS are the
free energies of the un-refined topological string and the refined topological string in the
Nekrasov-Shatashvili limit, respectively [35]. Although each individual terms in (1.2) have
apparent divergences for physical integer k, a careful treatment shows that these diver-
gences are actually canceled as in the ABJM case [19]. Then it remains a finite part, which
will be presented in (4.39) for even k and (4.40) for odd k, respectively. Given the grand
























where g`,m is a polynomial explicitly determined by the grand potential J
(M)
k (µ), and C
























The overall constants Z
(M)
CS (k), θ(N,M, k) and A will be given by (2.2), (2.3) and (4.4),
respectively. The indices (`,m) label the number of D2-brane instantons and worldsheet
instantons from the type IIA string viewpoint, while these are lifted up to membrane
instantons wrapping two different three cycles in the M-theory. We will see that the large N
asymptotic behavior of (1.5) reproduces the results of the classical supergravity (SUGRA)
and the one-loop quantum SUGRA [36], and the correct weights of the instantons.
This paper is organized as follows. In section 2, we present the Fermi gas formalism of
the ABJ partition function on S3. In section 3, we compare the exact values of the partition
function with the results on the gravity side. In section 4, we describe our conjecture (1.2)
for the grand potential in terms of the refined topological string and perform a nontrivial
test of (1.2) by using the exact data. Section 5 is devoted to discussion.
2 ABJ theory as a Fermi Gas
In this section we will show that the partition function of the ABJ theory on S3 is described
by an ideal Fermi gas system as in the ABJM case [13]. This picture enables us to compute
the partition function exactly.
2.1 Rewriting canonical partition function
Let us consider the U(N)k × U(N + M)−k ABJ partition function on S3. We begin with
the ABJ matrix model (1.1) obtained by the localization method [6, 31, 32]. It is not so
obvious (except M = 0 corresponding to the ABJM case) whether this expression of the
ABJ partition function has an ideal Fermi gas description or not. However, it has been
proven [34], after conjectured in [33], that the partition function has another equivalent
representation, which is suitable for a Fermi gas approach. Although this representation
takes seemingly different forms between M ≤ |k|/2 and M > |k|/2, we will show below







CS (k) is the U(M) pure CS partition function on S
3 given by [39–42]
Z
(M)
















The quantity Zˆ(N,N+M)(k) mainly used below, is the absolute value of the partition function




2For M > |k|, the ABJ partition function vanishes [33, 34] since Z(M)CS (k) = 0 for this case. This is
consistent with an expectation that spontaneously breaking of the supersymmetries occurs in this regime [26,








































































In the rest of this section, we will prove that the ABJ partition function (1.1) can be
written as (2.1) for all k and M .
2.1.1 For M ≤ |k|/2
































If we integrate this integrand along the contour C1 +C2 +C3 +C4 depicted in figure 1 (left),
then we can easily see that the integration vanishes by the Cauchy integration theorem.3




dNya(· · · ) =
∫
C3
dNya(· · · ). (2.10)
The right hand side is nothing but (2.1).
3Note that poles of 1/ cosh ya
2





. Also, poles of tanh ya+2pii(s+M/2)






Figure 1. (Left) Explanation of the integral contours C1, C2, C3 and C4. The real positive
parameter Λ is taken to infinity. (Right) Explanation of the integral contours C5, C6, C7 and C8.
2.1.2 For M > |k|/2































By considering an integral contour C5 + C6 + C7 + C8 in figure 1 (right) with the same




dNya(· · · ) =
∫
C7
dNya(· · · ), (2.12)










































1 for k : even































Plugging this into (2.13), we obtain the same expression (2.1).
2.1.3 Remarks on Seiberg-like duality
From the representation (2.1), one can see that the ABJ partition function transforms
properly under the Seiberg-like duality [26] between the ABJ theories with different gauge
groups
U(N)k ×U(N +M)−k and U(N + |k| −M)k ×U(N)−k. (2.15)
This duality comes [43] from the Giveon-Kutasov duality [44], which has been proven for
the S3 partition function [45].
Let us check this duality in terms of (2.1). First, it is well-known that the pure CS
partition function Z
(M)
CS (k) enjoys the level-rank duality (See e.g. [43] for a proof)
Z
(M)
CS (k) = Z
(|k|−M)
CS (−k). (2.16)
Next, using (2.14) one can easily see that the integral representation of Zˆ(N,N+M)(k) in (2.5)
is also duality invariant,
Zˆ(N,N+M)(k) = Zˆ(N,N+|k|−M)(−k). (2.17)
Finally the phase factor eiθ(N,M,k) given in (2.3) is not duality invariant but appropriately
transforms as discussed in [43, 45].
In what follows, we will assume k > 0 without loss of generality. Since Z
(M)
CS (k) and
Zˆ(N,N+M)(k) depend only on the absolute value of k, (2.16) and (2.17) imply that they are
invariant under the exchange M ↔ k −M :
Z
(M)
CS (k) = Z
(k−M)
CS (k), Zˆ
(N,N+M)(k) = Zˆ(N,N+k−M)(k). (2.18)
2.2 Grand canonical formalism
Let us switch to the grand canonical formalism. We define4 the grand partition function












4One could define the grand potential in terms of the whole partition function Z(N,N+M)(k) rather than
Zˆ(N,N+M)(k). Then the N -dependent factor of the phase (2.3) can be absorbed by redefining the chemical
potential as µ→ µ+ iMpi/2, while the N -independent factor of the phase and pure CS partition function
Z
(M)
CS (k) can also be absorbed by redefinition of the perturbative coefficient A in (4.4). Particularly, in
our definition of the grand partition function (2.19), we will see that corresponding topological string free
energy is invariant under the Seiberg-like duality (2.15). If we did not drop the phase in defining the grand






where z is related to the chemical potential µ by
z = eµ. (2.20)
From the representation (2.7) of Zˆ(N,N+M)(k) as the sum over permutations, one can show
that the grand partition function is written as a Fredholm determinant,
Ξ
(M)
k (z) = Det(1 + zρ). (2.21)
It is also convenient to introduce the grand potential as
J¯
(M)
k (µ) = log Ξ
(M)
k (z). (2.22)
Given the grand partition function Ξ
(M)
k (z), we can easily come back to the canonical










As explained in [17, 46], the grand potential consists of a primary non-oscillatory part and
an oscillatory part. The non-oscillatory part5 J
(M)









Then we can deform the integral contour in (2.23) to the whole imaginary axis, by just
replacing the total grand potential J¯
(M)















Now let us describe our method for the exact computation of the partition functions.
As discussed in [17] (see appendix A for details), thanks to the Tracy-Widom’s lemma [47],
the grand canonical partition function is determined by a series of functions φ+l (y),
Ξ
(M)














where ρ+ and φ
+
l (y) are given by
ρ+(x, y) =




cosh xk + cosh
y
k



























































In particular, φ+l (y) can be constructed recursively starting from φ
+
0 (y) = 1. Using the
above formula, we have computed the exact partition functions of the ABJ theory for
(k,M,Nmax) = (2, 1, 65), (3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22).
The explicit values of the partition functions are listed in appendix D.
3 Test of AdS/CFT correspondence
In this section, using our exact data of the partition function, we test the AdS/CFT
correspondence between the ABJ theory and M-theory on AdS4 × S7/Zk with a discrete
torsion.
3.1 Expectation from the gravity side
Here we describe some expectations from the gravity side.
3.1.1 Classical supergravity
The U(N)k × U(N + M)−k ABJ theory [26, 27] describes the low-energy effective theory
of N M2-branes with M fractional M2-branes. In the near-horizon limit, the geometry
associated with this brane configuration becomes AdS4 × S7/Zk with M units of discrete
torsion realized by a discrete holonomy of the 3-form field [26].
When k  N1/5, the curvature becomes very small and we expect that the eleven-
dimensional classical SUGRA on AdS4 × S7/Zk provides a good approximation of the
gravity side. The free energy of the classical SUGRA with the boundary S3 obeys the






In the next subsection we compare this with our exact result on the ABJ side in the large
N regime with fixed k.
3.1.2 One-loop quantum supergravity
The one-loop correction of the SUGRA can also be analyzed by the technique successful
in computing the logarithmic correction to the black hole entropy [50–54]. The authors
in [36] have shown that the free energy of the eleven dimensional SUGRA on AdS4 ×X7,
where X7 is a seven-dimensional manifold including S










For N = 3 necklace quiver CSM with coincident rank of gauge groups, it has been shown
that this logarithmic behavior comes from the large N asymptotics of the Airy function [13]
in the perturbative part of partition function (See also [55] for N = 2 case).
Strictly speaking, in the presence of the discrete torsion, there might be further massless
degrees of freedom and the logarithmic correction could change.6 However, as we will see in
section 4, the exact ABJ partition functions show a nice agreement with the Airy function,
and hence the ABJ partition function also exhibit this 1-loop behavior (3.2).
3.1.3 Non-perturbative effects
One expects two kinds of non-perturbative effects on the gravity side as in the ABJM
case [10, 25]. If we identify a direction of M-theory circle with the orbifolding direction
and consider a large k regime, then the eleventh dimension in the geometry AdS4×S7/Zk
shrinks and the bulk theory reduces to the type IIA string theory on AdS4×CP3. Since CP3
has a nontrivial 2-cycle CP1 and a Lagrangian submanifold RP3, we expect that the dual
type IIA string theory has the worldsheet instanton [25] and the D2-brane instanton [10]
























As discussed in [8], the worldsheet instanton also receives the following contribution from








We also expect that the D2-instanton has a coupling to the background RR 3-form field.
From the viewpoint of M-theory, these instantons correspond to M2-branes wrapping
three cycles known as membrane instantons [1]. The worldsheet instanton effects in (3.3)
and (3.4) have been successfully reproduced from the ABJ matrix model in the ’t Hooft
limit [8]. In section 4, we will show that the ABJ partition function contains all the
expected instanton effects and determine the structure from the refined topological string.
3.2 Comparison with the gravity side
Let us compare our exact result of the partition function with the classical SUGRA re-
sult (3.1). In figure 2 (left), we plot the exact values of the free energy log Zˆ(N,N+M)(k)
listed in appendix D against N3/2 for some cases. As expected from the gravity side, we
observe that the free energy is approximately proportional to N3/2 in the large N regime.
Figure 2 (right) compares our result with the classical SUGRA result. In this plot, we fit
the ratio between the exact free energy and classical SUGRA free energy by linear functions
of 1/N , whose intercepts should be almost 1 if the AdS/CFT correspondence is correct.
We easily see that the data points are well fitted by the fitting functions in the large N
region, and indeed the values of these intercepts are almost 1. Although we have plotted






Figure 2. (Left) The free energy log Zˆ(N,N+M)(k) is plotted to N3/2. (Right) The ratio between
the exact free energy log Zˆ(N,N+M)(k) and the classical SUGRA free energy FSUGRA is plotted
against 1/N . The symbols and dashed lines denote the exact data and fitting functions in the large
N region, respectively.
only for (k,M) = (2, 1), (3, 1), (4, 2) and (6, 3), we have checked that similar result holds
also for (k,M) = (4, 1), (6, 1) and (6, 2).
We can reproduce the classical SUGRA result also from the thermodynamic limit of
the Fermi gas system as in the ABJM case [13]. In the large N limit, the free energy is
approximated by a saddle point of the µ-integration in (2.25) as








Hence we can estimate the large N free energy if we find the large µ asymptotic behavior
of the grand potential, which is captured by a semi-classical expansion of the Fermi gas
system. By introducing the quantum mechanical operators qˆ and pˆ satisfying [qˆ, pˆ] = 2piik,
and qˆ|x〉 = x|x〉, we can rewrite the density matrix ρ(x, y) as a quantum mechanical
operator







where Hˆ is the Hamiltonian of the Fermi gas system. The asymptotic behavior of the
classical Hamiltonian for |q|, |p|  1 is given by
Hcl(q, p) ∼ |q|+ |p|
2
, (3.7)
which is exactly the same as in the ABJM case [13]. Thus the same analysis as [13] gives


















Using the expression of the saddle point value µ∗ in (3.8), we can translate the instanton
effects (3.3) on the gravity side into the language of the grand canonical formalism. In terms




















If we assume that the free energy on the gravity side receives a series of multi-instanton

















where fl,m(µ) is a polynomial of µ, whose coefficients depend on M and k. Although there
is no currently available technique to determine the coefficients fl,m(µ) of instantons from
the computation of the gravity side, the ABJ matrix model and its relation to the refined
topological string give a very concrete prediction for these coefficients, as we will see in the
next section.
4 ABJ partition function from the refined topological string
In this section we propose that the ABJ free energy including the non-perturbative effects
is completely determined by the refined topological string on local P1 × P1. As explained
in [7], the partition function of the ABJ theory on S3 can be analytically continued7 to
the partition function of the L(2, 1) lens space matrix model [39, 40] which comes from
the pure Chern-Simons theory on S3/Z2. The lens space matrix model corresponds to the
topological string on local P1 × P1 via a topological version of the large N duality [59].
Thus we expect that structure of the ABJ free energy is captured by the topological string
on local P1 × P1.
For the ABJM case, as the special case of the ABJ theory, this expectation has been
confirmed quite successfully. In [2] it is discussed that the grand potential of the ABJM
theory corresponds to the free energy of the topological string on the “diagonal” local
P1 × P1 in large radius frame, where the Ka¨hler parameters of two P1’s are equal. More
precisely, it has been shown, based on the exact and numerical results [15–17, 19], that
the perturbative and worldsheet instanton parts of the ABJM grand potential are given
by the free energy of the un-refined topological string on the local P1 × P1 [13, 17], while
the D2-brane instanton part and its mixed contribution with the worldsheet instanton are
captured by the Nekrasov-Shatashvili limit [35] of the refined topological string on the
same local P1 × P1.
In this paper we generalize this argument to the ABJ theory. From the topological
string viewpoint, this amounts to consider non-diagonal local P1×P1, or equivalently local
P1 × P1 with general Ka¨hler parameters. For this purpose, we decompose J(µ) into the






perturbative part Jpert(µ) and the non-perturbative part Jnp(µ) as
J
(M)
k (µ) = Jpert(µ) + Jnp(µ). (4.1)
We propose that structure of the ABJ grand potential, or equivalently the ABJ partition
function, is completely determined by the topological string including the non-perturbative
effect and test this proposal by using our exact data of the partition functions.
4.1 Perturbative part
In order to study the non-perturbative structure of the ABJ grand potential in terms of
the exact data, we shall first determine the perturbative part of the ABJ partition function
to subtract this from the exact data. In this subsection, we determine the perturbative
part of the ABJ grand potential by using the un-refined topological string.
As explained in [60], the perturbative part of the free energy of un-refined topological













J ∧ c2, (4.2)
where J is the Ka¨hler form and c2 is the second Chern class. From this general expression,
we expect that the perturbative part of the grand potential of ABJ theory is given by
Jpert(µ) =
T 31 + T
3










(T1 + T2) +A, (4.3)
where T1,2 are the Ka¨hler parameters of local P1×P1, whose relation to µ will be explained
shortly. Here gs denotes the string coupling gs = 2/k defined in (1.3) and A is given by
























ekx − 1 . (4.4)
Apart from the first term in (4.4), A is the so-called constant map contribution analyzed
in [14] in detail. The first term − log |Z(M)CS (k)| in (4.4) comes from our definition of the
grand partition function (2.19). In order to reproduce the worldsheet instanton factor
e−4µ/k (3.9) together with the effect of the B-field (3.4), it is natural to make the following






















With this identification, the Seiberg-like duality (2.18) is naturally realized as the exchange
of two P1’s of local P1 × P1











where C and B are defined in (1.6). This expression (4.7) of the perturbative part is
consistent with the result for the ABJM case [13] and the same as the proposal in [30].
Then, as in the ABJM case, the perturbative canonical partition function Zˆ
(N,N+M)
pert (k) is








eJpert(µ)−Nµ = C−1/3eAAi[C−1/3(N −B)]. (4.8)
Below, we will show that this is indeed the correct perturbative partition function by
comparing with our exact data. In the large N limit with fixed k, the perturbative part of
the free energy becomes
log Zˆ
(N,N+M)
pert (k) = −
2
3
C−1/2N3/2 + C−1/2BN1/2 − 1
4
logN +O(1). (4.9)
The first term reproduces the classical SUGRA result (3.1) and the third term agrees with
the logarithmic behavior (3.2) of the one-loop quantum supergravity [36].
Let us compare Zˆ
(N,N+M)
pert (k) with our exact data of partition functions. For this

















pert (k) is the correct perturbative part, then Zˆ
(N,N+M)
np (k) should correspond to
the non-perturbative part of the partition function and it is expected to behave as









in the large N regime. Figure 3 shows the plots of Zˆ
(N,N+M)
np (k) against 2pi
√
2N/k in
semi-log scale for (k,M) = (2, 1), (6, 1), (6, 2) and (6, 3). We can easily see that the data
points are on the straight lines in the large N regime, which imply the exponentially
suppressed behavior of Zˆ
(N,N+M)




k . Thus we conclude that Jpert(µ) given
in (4.7) is indeed the correct perturbative part of the grand potential. Since this consistency
check shows the presence of the “−14 logN” term (3.2) in the canonical partition function,
we have also tested the AdS/CFT correspondence at 1-loop level of the dual quantum
supergravity [36]. Although we have not explicitly shown, similar result holds also for
(k,M) = (3, 1), (4, 1) and (4, 2).
4.2 Non-perturbative effects and the refined topological string
In this section we briefly review [2] and write down an expected form of the ABJ grand









np (k) is plotted to 2pi
√
2N/k in semi-log scale. (Left) A plot for (k,M) = (2, 1).
(Right) Plots for (k,M) = (6, 1), (6, 2) and (6, 3). The blue circle, purple square and yellow diamond
symbols show the cases for M = 1, M = 2 and M = 3, respectively.
4.2.1 The refined topological string
Let us first recall the structure of the un-refined topological string on CY X with Ka¨hler
parameters TI . The free energy of the un-refined topological string in the large radius
frame is given by [61]
















gˆs , d = (d1, d2, · · · ), Q =
∏
I
QI , QI = e




Here gˆs is the topological string coupling defined by gˆs = 2piigs. The integer numbers n
d
g
are the so-called Gopakumar-Vafa invariants of X.
The free energy of the refined topological string is obtained by a one parameter defor-
mation of the standard topological string free energy originated in the Nekrasov instanton
partition function [62]. The refined free energy is determined by the supersymmetric index
NdjL,jR which counts the BPS states in the M-theory compactified on X down to 5 dimen-
sions [63]. These BPS states come from M2-branes wrapping a two-cycle of X with degree
d. They behave as massive particles in the 5 dimensions, carrying spins (jL, jR) of the
little group SO(4) ' SU(2)× SU(2). The refined free energy takes the form of





















sL,R = 2jL,R + 1, qL = e
1−2
2 , qR = e
1+2
2 , q1,2 = e
1,2 , χj(q) =
q2j+1 − q−2j−1




























The un-refined topological string corresponds to the following particular limit:





As discussed in [2], the Nekrasov-Shatashvili (NS) limit
1 = ~, 2 → 0 , (4.20)
of the refined topological string plays an important role in the D2-instanton corrections.
Since the refined free energy has a simple pole (∼ 1/2) in this limit, we introduce the NS
free energy as
FNS(TI ; ~) = lim
2→0














qw/2 − q−w/2 Q
wd, (4.21)
where
q = e~ = e2pii/gs . (4.22)
4.2.2 ABJ partition function
As a natural generalization of the ABJM case, we conjecture that the ABJ grand potential
can be written in terms of the free energy of the refined topological string on local P1×P1.
For later convenience, we decompose the non-perturbative grand potential Jnp(µ) into the
worldsheet instanton part JWS(µ), the D2-brane instanton part JD2(µ) and the mixed
contributions JWS+D2(µ),
Jnp(µ) = JWS(µ) + JD2(µ) + JWS+D2(µ). (4.23)
As in the ABJM case [2, 8, 17], we expect that the perturbative part plus the worldsheet
instanton part is described by the un-refined topological string,
Jpert(µ) + JWS(µ) = Ftop(T1, T2; gs), (4.24)
where gs = 2/k in our definition (1.3). More explicitly, the worldsheet instanton part

















8Note that this expression is ill-defined for physical integer values of k. Hence this formula should be
understood as the simple analytic continuation to unphysical values of k. As we will see in section 4.2.3,
the divergences at integer values of k are actually apparent and canceled out if we take into account










(1, n), n ≥ 0 (0, n+ 12)
(2, 2) (12 , 4)⊕ (0, 72)⊕ (0, 52)
(2, 3) (1, 112 )⊕ (12 , 5)⊕ (12 , 4)⊕ 2(0, 92)⊕ (0, 72)⊕ (0, 52)
(2, 4) (32 , 7)⊕ (1, 132 )⊕ (1, 112 )⊕ 2(12 , 6)⊕ (12 , 5)⊕ 2(0, 112 )⊕ (12 , 4)
⊕2(0, 92)⊕ (0, 72)⊕ (0, 52)
(3, 3) (2, 152 )⊕ (32 , 7)⊕ (32 , 6)⊕ 3(1, 132 )⊕ (12 , 7)⊕ 2(1, 112 )⊕ 3(12 , 6)⊕ (1, 92)
⊕3(12 , 5)⊕ 4(0, 112 )⊕ 2(12 , 4)⊕ 3(0, 92)⊕ (12 , 3)⊕ 3(0, 72)⊕ (0, 52)⊕ (0, 32)
(2, 5) (2, 172 )⊕ (32 , 8)⊕ (32 , 7)⊕ 2(1, 152 )⊕ (1, 132 )⊕ 2(12 , 7)⊕ (1, 112 )⊕ 2(12 , 6)
⊕3(0, 132 )⊕ (12 , 5)⊕ 2(0, 112 )⊕ (12 , 4)⊕ 2(0, 92)⊕ (0, 72)⊕ (0, 52)
(3, 4) (3, 192 )⊕ (52 , 9)⊕ (52 , 8)⊕ 3(2, 172 )⊕ (32 , 9)⊕ 2(2, 152 )⊕ 4(32 , 8)
⊕(1, 172 )⊕ (2, 132 )⊕ 4(32 , 7)⊕ 7(1, 152 )⊕ 2(12 , 8)⊕ (0, 172 )⊕ 2(32 , 6)
⊕6(1, 132 )⊕ 7(12 , 7)⊕ (0, 152 )⊕ (32 , 5)⊕ 5(1, 112 )⊕ 8(12 , 6)⊕ 7(0, 132 )
⊕2(1, 92)⊕ 6(12 , 5)⊕ 6(0, 112 )⊕ (1, 72)⊕ 4(12 , 4)⊕ 7(0, 92)⊕ 2(12 , 3)
⊕4(0, 72)⊕ (12 , 2)⊕ 3(0, 52)⊕ (0, 32)⊕ (0, 12)
Table 1. BPS index Nd1,d2jL,jR of local P
1 × P1 up to d1 + d2 = 7.
where Nd1,d2jL,jR denotes the BPS index of local P
1 × P1 partly listed9 in table 1.
It is also expected that the D2-brane instanton part is captured by the Nekrasov-
Shatashvili limit with the effective shift of the chemical potential,






















As discussed in [2], the effective Ka¨hler parameters are determined by the so-called quantum
A-period, whose closed form is not known for the general value of gs. However, for the
physical case of integer k, we can write down the effective Ka¨hler parameter T eff1,2 in terms












































which gives the effective chemical potential µeff as
µeff =
{
µ− 2(−1) k2−Me−2µ 4F3
(
1, 1, 32 ,
3





for k : even
µ+ e−4µ 4F3
(
1, 1, 32 ,
3
2 , 2, 2, 2;−16e−4µ
)
for k : odd
. (4.29)
9A part of the data is extracted from the table in section 5.5.2 of [63]. We are grateful to Can Kozc¸az








































































This shift of the chemical potential also plays an important role to describe the mixed
contribution of the worldsheet instantons and D2-instantons by
JWS(µ) + JWS+D2(µ) = JWS(µeff). (4.31)
To summarize, we conjecture that the total ABJ grand potential is given by
J
(M)


























































































We can rewrite this expression in the form of (3.10) and read off the coefficient fl,m(µ) of
the term e−(2`+4m/k)µ, as expected from the gravity side.
By exponentiating J
(M)
k (µ) in (3.10), we find the following expansion
eJ
(M)















where gl,m(µ) is a polynomial of µ explicitly determined by the coefficient fl,m(µ). Then we






























the canonical partition function given in (4.34) can be rewritten as a combination of the
Airy function and its first derivative alone.
The expression (4.32) has apparent divergences at some values of the Chern-Simons
level k, in particular at physical integer k. For example, for odd k such divergences occur
when m in (4.32) is a multiple of k for the worldsheet instanton and even integer for D2-
instanton, respectively. In the next subsubsection, we discuss that these divergences are
actually canceled out and we compute the finite part of the grand potential.
4.2.3 Cancellation of divergence between instantons
Here we show the cancellation of apparent divergences in the grand potential (4.32) and
compute its finite part.
Even Chern-Simons level. Let us first consider the even k case; we set k = 2n0 with
some integer n0. By expanding
10 the m-th worldsheet instanton term with m = n0` (` ∈ Z)








pi2`2(k − 2n0)2 +
4n





s2L +O(k − 2n0)
]
, (4.35)
where we have introduced the notation
d± = d1 ± d2. (4.36)
The contribution (4.30) from FNS, which gives the part of the D2-instanton correction, has





























(n0 −M)2 +O(k − 2n0)
]
. (4.37)
It is easy to see that these poles are canceled with each other if
(−1)sL+sR+1 = 1. (4.38)






It turns out that the non-zero values of the BPS index Nd1,d2jL,jR for local P
1×P1 appear only
for the spins obeying the condition (4.38), and hence the poles are indeed canceled. After













−2mpiid−( 12−Mk )sR sin 4pimsLk






























Li3((−1)( k2 +M)d+e−2d+µeff )
+
{
(16 + k2)s2L + k
2s2R
24















Some comments are in order here. First, when taking the limit k → 2n0 in our general
expression (4.32), we should treat k and T eff1,2 as independent variables since we have imposed
the condition ∂T effI /∂gs = 0. This means that k in the expression of T
eff
1,2 in (1.4) is set to
2n0 before taking the limit k → 2n0. Second, the resulting finite part (4.39) is invariant
under the Seiberg-like duality M ↔ k−M for even integer k. The same comments can be
applied also to the odd k case.
Odd Chern-Simons level. When k is odd, there are also apparent divergences in the
worldsheet instanton with m = k` and the D2-instanton with m = 2` (` ∈ Z). As in the
even k case, similar calculation shows that these divergences are canceled again and the













−2mpiid−( 12−Mk )sR sin 4pimsLk



























(16 + k2)s2L + k
2s2R
24
















































4.3 Test of our proposal
Let us test our conjecture of the finite part (4.39) for even k and (4.40) for odd k, expected
from the refined topological string. Since the odd number of D2-instanton does not appear
in the finite part of the expected grand potential for odd k in (4.40), we can rewrite the
expansion of the grand potential (4.34) as13
eJ
(M)



















to d1 + d2 = 7 from table 1, we can explicitly write down gˆm(µ) up to m = 7. Using these

















If our conjecture is correct, then this quantity should be the canonical partition function
including the instanton effects up to the order of 7-th worldsheet instanton correction.















] = O(N α2 e−16pi√ 2Nk ),
(4.44)
in the large N regime. Here α is some non-negative integer depending14 on k and M . In









2N/k both in semi-log scale (left) and log-log scale (right) for various values
of (k,M). From figure 4 one can see that this quantity (4.45) is extremely small, and
this already gives strong evidence for our conjecture. We can argue more precisely as
follows. If Zˆ7−inst properly contains the instanton effects, then this quantity (4.45) should




k in the large N regime. On the other hand, if
13Note that this expression of course includes also D2-instanton effects since k`/2-th worldsheet instanton
actually contributes by the same weight as `-th D2-instanton.
14For example, if (k,M) is (2, 1), the formula (4.39) implies α = 16. This is because the grand partition
function contains a term with O(µ16e−16µ) coming from the µ2-terms in the first D2-instanton correction






Figure 4. The quantity e14pi
√
2Nk|Zˆ(M)k − Zˆ7−inst|/Zˆpert is plotted to 2pi
√
2N/k both in semi-log
scale (left) and log-log scale (right) for (k,M) = (2, 1), (3, 1), (4, 1), (4, 2), (6, 1), (6, 2) and (6, 3).
The blue circle, purple square and yellow diamond symbols show the cases for M = 1, M = 2 and






Zˆ7−inst had wrong information at 6-th or lower order of worldsheet instanton effects, we
could observe an exponential blow-up of this quantity. The semi-log plots in figure 4 (left)
show that such exponential blow-up does not occur. We also see from the log-log plots in
figure 4 (right) that the data points give a power law behavior in not so large N region. This
behavior is consistent with our expectation (4.44) since the data should show such a power
law behavior before going to exponentially suppressed region. Thus we conclude that the
grand potential (4.32) coming from the refined topological string is correct at least up to
the order of 6-th worldsheet instanton corrections. In particular the case of (k,M) = (4, 1),
plotted in the second bottom of figure 4 (left), clearly exhibits the exponentially suppressed
behavior. This strongly supports our expectation (4.44).
To summarize, all cases we studied strongly support our conjecture that the ABJ grand
potential is given by the general expression (1.2) in terms of the refined topological string
on local P1 × P1, with an appropriate identification of the Ka¨hler parameters (1.4).
4.4 Comments on Matsumoto-Moriyama proposal
Recently an apparently similar form of the grand potential was proposed in [30] by a
different approach, which uses a relation between the ABJ partition function and the half-
BPS Wilson loops of the ABJM theory. The work [30] have calculated the ABJ partition
function exactly or numerically with high precision for (k,M,Nmax) = (2, 1, 4), (3, 1, 3),
(4, 1, 2), (4, 2, 2), (6, 1, 3), (6, 2, 2) and (6, 3, 2). These values are totally consistent with our
exact values listed in appendix D. However, there is an important difference of physical
interpretation between [30] and ours.
This difference comes from an ambiguity for taking the limit to a physical Chern-
Simons level in the apparently divergent grand potential (4.32). Suppose that we take
the limit k → k0 (k0 ∈ Z) in (4.32). In section 4.2.3, we have expanded (4.32) around
k = k0 after fixing k = k0 in the effective Ka¨hler parameters T
eff
I since we have imposed
∂T effI /∂gs = 0, while the authors in [30] expanded the total expression (4.32) around
k = k0. This difference of taking the limit affects the finite part
15 of the grand potential
after the cancellation of divergence. Since the latter prescription does not agree with the
exact data, the authors in [30] added an extra new term, whose origin is unclear from the
topological string perspective, in such a way that the finite part agrees with their exact
and numerical data. It turns out that the finite part of our grand potential, corresponding
to (4.39) and (4.40), agrees with the one given in figure 4 of [30]. However, our grand
potential before cancellation (4.32) is different from the proposal in [30] with an extra term
added. We believe that our prescription is more natural since everything can be completely
explained by the refined topological string.
5 Discussions
In this paper we have studied the partition function of the ABJ theory on S3. By using
the Fermi gas formalism and Tracy-Widom’s lemma [47], we have exactly computed the
15Fortunately or unfortunately, this difference vanishes for M = 0. Therefore this ambiguity of how to






ABJ partition function for (k,M,Nmax) = (2, 1, 65), (3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23),
(6, 2, 21) and (6, 3, 22). These exact data enable us to test the relation between the ABJ
partition function and the free energy of the refined topological string on local P1×P1 with
non-diagonal Ka¨hler parameters. We conclude that the ABJ partition function is com-
pletely determined by the refined topological string including full series of the membrane
instanton effects in the M-theory dual.
Although here we have focused on the usual AdS/CFT correspondence between the
ABJ theory and the M-theory on AdS4 × S7/Zk, it is also interesting to study the higher
spin limit [28, 29], corresponding to the regime where M,k  1 with M/k and N kept
fixed. It would also be interesting to study the eigenvalue problem of the Hamiltonian (3.6)
of the ABJ Fermi gas, as in the case of the ABJM theory [20]. We leave this for future
work.
Throughout many previous works about the ABJM theory and this work, we have seen
that the (refined) topological string is a very powerful tool to determine the structures of
the partition function and the BPS Wilson loops in the ABJ(M) theory. However, if we
consider more general M2-brane theory beyond16 the ABJ(M) theory, the correspondence
to the topological string is rather obscure, and it might be the case that there is no such
relation in general. Therefore even if we can exactly compute the partition function for the
case other than the ABJ(M) theory for some discrete values of parameters, we do not have
a good guiding principle to extend the non-perturbative effects to more general parameters.
Although this problem can be overcome for the “orbifold ABJ(M) theory” [46] due to a
relation to the ABJ(M) theory, we need to develop a new approach to study more general
M2-brane theories. It is very interesting to study the instanton effects in other M2-brane
theories having AdS4 dual.
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A Algorithm for exact computation of ABJ grand partition function
In this appendix, we show that the grand canonical partition function of the ABJ theory
is determined by a series of functions φ+l (y) which can be computed recursively by the for-
mula (2.27). Our algorithm is essentially a simple generalization of the ABJM case [16, 17].
16For previous studies, see e.g. [64–69] in the M-theory limit, [70–73] in the ’t Hooft limit and [13, 46, 55,






As discussed in section 2, the ABJ grand partition function is given by
Ξ
(M)























respectively. Then we decompose the density matrix into the even and odd parts:




In terms of ρ±, we rewrite the grand partition function as
Ξ
(M)
k (z) = Ξ+(z)Ξ−(z), Ξ±(z) = Det(1 + zρ±). (A.4)
Note that ρ± takes the form of
ρ±(x, y) =
E±(x)E±(y)

















where the Tracy-Widom’s lemma [47] is applicable. Then the power of ρ± is determined
by a series of functions φ±l (y)
ρ2n+1± (x, y) =
E±(x)E±(y)






ρ2n± (x, y) =
E±(x)E±(y)













0 (x) = 1. (A.6)
At this stage, it seems that we should find the two series of the functions φ+l (y) and φ
−
l (y)








which implies that we need information of only φ+l (y). Plugging this into (A.4), we arrive







A.1 Algorithm for even Chern-Simons level
By changing variables as u = e
y
k , v = e
y′


































with rational functions A
(j)










































poles indicates the summation over all the poles of the integrand. From
φ+l (u), we can find ρ
2n
+ (u, u) as


























By expanding ρ2n+ (u, u)/u in terms of the power of log u
1
u







n (u) is some rational function of u, then the trace of ρ2n+ can be obtained as a
sum of residues

















17Here we have used an integral formula noted in [16],∫ ∞
0











where C(v) is a rational function and Bj+1 is the Bernoulli polynomial. Choosing the branch cut of log v
as the positive real axis, the integral contour γ goes from +∞ to 0 infinitesimally below the branch cut and






A.2 Algorithm for odd Chern-Simons level
When k is odd, by introducing the variables u = ey/2k, v = ey
′/2k, we can rewrite the



























































Then ρ2n+ (u, u) is rewritten as























In a similar way as the even k case, by expanding ρ2n+ (u, u)/u in terms of the power of log u
1
u





the trace of ρ2n+ can be obtained as a sum of residues

















B pi−N term of Ẑ(N,N+M)(k)
In this appendix, we will briefly discuss the structure of the highest transcendental term of
the partition functions of the ABJ theory listed in appendix D, and the partition functions
of the ABJM theory in [17]. As mentioned in [17] for the k = 1 ABJM theory, the coefficient
of the highest transcendental term pi−N in the canonical partition function can be expressed















B.1 (k,M) = (2, 1)









Let us consider the highest transcendental term pi−N in Ẑ(N,N+1)(2). We observe that such
highest term of φl(u = 1) comes from the (log u)
l term in the expansion (A.9)























2pi(u2 − 1) log u. (B.4)
Tr ρ2m+ with m ≥ 2 is always less transcendental compared to pi−2m, and the only highest
transcendental term comes from Tr ρ2+ =
1
32pi2
. Thus we find that the generating function
































































+ · · · . (B.6)
B.2 (k,M) = (4, 1)









































































2pi + · · ·
]
. (B.9)
B.3 Summary of the higher transcendental part of grand partition functions
By inspecting the exact partition functions, we find a similar structure for other cases.
Here we summarize the higher transcendental part of grand partition functions Ξ
(M)
k (z) for
various k and M ,
Ξ
(0)

























3 (z) = exp
[
z4
3 · 27pi2 −
z2
24pi













2 (z) = exp
[
z2
2 · 24pi2 −
z4






























2 · 24pi2 −
z4















































4 (z) = exp
[
z2
4 · 24pi2 −
z
8pi













6 (z) = exp
[
z2













2 · 34 sinh
z
6pi


















+ · · ·
]
. (B.10)
We do not have a clear understanding of the origin of this structure. We leave this for a
future work.
C Picard-Fuchs equation and effective Ka¨hler parameters
In this appendix, we will explain that the effective Ka¨hler parameters for integer k are given
by (4.28), which are essentially equal to the classical periods of diagonal local P1 × P1.
The Picard-Fuchs equation of local P1 × P1 for the classical periods Π is



















The classical A-period is a solution of the Picard-Fuchs equation (C.1)
ΠAI = log zI + 2
∑
k,l≥0





For the diagonal case z1 = z2 = z, this reduces to















, 2, 2, 2; 16z
)
, (C.5)













As discussed in [17], the effective Ka¨hler parameter is given by the quantum A-period.
For even k, the quantum parameter q is equal to the classical value q = eipik = 1, and the
instanton factors for the D2-brane become “diagonal”
z = e−T1,2/gs = (−1) k2−Me−2µ, (C.7)
although the worldsheet instanton factors are non-diagonal e−T1 6= e−T2 . Therefore, the
quantum A-period is reduced to the classical period (C.5). In [19], it is conjectured for the
ABJM case that the quantum period for the odd k case, corresponding to q = −1, is also
expressed in terms of the hypergeometric function, obtained by simply replacing z → z2
in (C.5). We expect that this is also the case for the ABJ theory.
D Exact results on ABJ partition function
In this section, we present exact results of the ABJ partition function for various k, M
and N . Although we have indeed obtained the exact values for (k,M,Nmax) = (2, 1, 65),
(3, 1, 31), (4, 1, 62), (4, 2, 29), (6, 1, 23), (6, 2, 21) and (6, 3, 22), we list these values up to
N = 20 at most. This is because the expressions for larger N are too long. The other
values are available upon request to the present authors. Our values are consistent with
the result obtained in the work [30] by a different approach, which has calculated the ABJ
partition function exactly or numerically with high precision for (k,M,Nmax) = (2, 1, 4),

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] K. Becker, M. Becker and A. Strominger, Five-branes, membranes and nonperturbative string
theory, Nucl. Phys. B 456 (1995) 130 [hep-th/9507158] [INSPIRE].
[2] Y. Hatsuda, M. Marin˜o, S. Moriyama and K. Okuyama, Non-perturbative effects and the
refined topological string, arXiv:1306.1734 [INSPIRE].
[3] J.M. Maldacena, The Large-N limit of superconformal field theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].
[4] O. Aharony, O. Bergman, D.L. Jafferis and J. Maldacena, N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 10 (2008) 091
[arXiv:0806.1218] [INSPIRE].
[5] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [INSPIRE].
[6] A. Kapustin, B. Willett and I. Yaakov, Exact Results for Wilson Loops in Superconformal
Chern-Simons Theories with Matter, JHEP 03 (2010) 089 [arXiv:0909.4559] [INSPIRE].
[7] M. Marin˜o and P. Putrov, Exact Results in ABJM Theory from Topological Strings, JHEP
06 (2010) 011 [arXiv:0912.3074] [INSPIRE].
[8] N. Drukker, M. Marin˜o and P. Putrov, From weak to strong coupling in ABJM theory,
Commun. Math. Phys. 306 (2011) 511 [arXiv:1007.3837] [INSPIRE].
[9] C.P. Herzog, I.R. Klebanov, S.S. Pufu and T. Tesileanu, Multi-Matrix Models and Tri-Sasaki
Einstein Spaces, Phys. Rev. D 83 (2011) 046001 [arXiv:1011.5487] [INSPIRE].
[10] N. Drukker, M. Marin˜o and P. Putrov, Nonperturbative aspects of ABJM theory, JHEP 11
(2011) 141 [arXiv:1103.4844] [INSPIRE].
[11] H. Fuji, S. Hirano and S. Moriyama, Summing Up All Genus Free Energy of ABJM Matrix
Model, JHEP 08 (2011) 001 [arXiv:1106.4631] [INSPIRE].
[12] K. Okuyama, A Note on the Partition Function of ABJM theory on S3, Prog. Theor. Phys.
127 (2012) 229 [arXiv:1110.3555] [INSPIRE].
[13] M. Marin˜o and P. Putrov, ABJM theory as a Fermi gas, J. Stat. Mech. 1203 (2012) P03001
[arXiv:1110.4066] [INSPIRE].
[14] M. Hanada, M. Honda, Y. Honma, J. Nishimura, S. Shiba et al., Numerical studies of the
ABJM theory for arbitrary N at arbitrary coupling constant, JHEP 05 (2012) 121
[arXiv:1202.5300] [INSPIRE].
[15] Y. Hatsuda, S. Moriyama and K. Okuyama, Exact Results on the ABJM Fermi Gas, JHEP
10 (2012) 020 [arXiv:1207.4283] [INSPIRE].
[16] P. Putrov and M. Yamazaki, Exact ABJM Partition Function from TBA, Mod. Phys. Lett.
A 27 (2012) 1250200 [arXiv:1207.5066] [INSPIRE].
[17] Y. Hatsuda, S. Moriyama and K. Okuyama, Instanton Effects in ABJM Theory from Fermi






[18] F. Calvo and M. Marin˜o, Membrane instantons from a semiclassical TBA, JHEP 05 (2013)
006 [arXiv:1212.5118] [INSPIRE].
[19] Y. Hatsuda, S. Moriyama and K. Okuyama, Instanton Bound States in ABJM Theory,
JHEP 05 (2013) 054 [arXiv:1301.5184] [INSPIRE].
[20] J. Kallen and M. Marin˜o, Instanton effects and quantum spectral curves, arXiv:1308.6485
[INSPIRE].
[21] A. Kapustin, B. Willett and I. Yaakov, Nonperturbative Tests of Three-Dimensional
Dualities, JHEP 10 (2010) 013 [arXiv:1003.5694] [INSPIRE].
[22] A. Klemm, M. Marin˜o, M. Schiereck and M. Soroush, ABJM Wilson loops in the Fermi gas
approach, arXiv:1207.0611 [INSPIRE].
[23] A. Grassi, J. Kallen and M. Marin˜o, The topological open string wavefunction,
arXiv:1304.6097 [INSPIRE].
[24] Y. Hatsuda, M. Honda, S. Moriyama and K. Okuyama, ABJM Wilson Loops in Arbitrary
Representations, JHEP 10 (2013) 168 [arXiv:1306.4297] [INSPIRE].
[25] A. Cagnazzo, D. Sorokin and L. Wulff, String instanton in AdS4 × CP 3, JHEP 05 (2010)
009 [arXiv:0911.5228] [INSPIRE].
[26] O. Aharony, O. Bergman and D.L. Jafferis, Fractional M2-branes, JHEP 11 (2008) 043
[arXiv:0807.4924] [INSPIRE].
[27] K. Hosomichi, K.-M. Lee, S. Lee, S. Lee and J. Park, N=5,6 Superconformal Chern-Simons
Theories and M2-branes on Orbifolds, JHEP 09 (2008) 002 [arXiv:0806.4977] [INSPIRE].
[28] C.-M. Chang, S. Minwalla, T. Sharma and X. Yin, ABJ Triality: from Higher Spin Fields to
Strings, J. Phys. A 46 (2013) 214009 [arXiv:1207.4485] [INSPIRE].
[29] S. Giombi, S. Minwalla, S. Prakash, S.P. Trivedi, S.R. Wadia et al., Chern-Simons Theory
with Vector Fermion Matter, Eur. Phys. J. C 72 (2012) 2112 [arXiv:1110.4386] [INSPIRE].
[30] S. Matsumoto and S. Moriyama, ABJ Fractional Brane from ABJM Wilson Loop, JHEP 03
(2014) 079 [arXiv:1310.8051] [INSPIRE].
[31] D.L. Jafferis, The Exact Superconformal R-Symmetry Extremizes Z, JHEP 05 (2012) 159
[arXiv:1012.3210] [INSPIRE].
[32] N. Hama, K. Hosomichi and S. Lee, Notes on SUSY Gauge Theories on Three-Sphere, JHEP
03 (2011) 127 [arXiv:1012.3512] [INSPIRE].
[33] H. Awata, S. Hirano and M. Shigemori, The Partition Function of ABJ Theory, Prog. Theor.
Exp. Phys. (2013) 053B04 [arXiv:1212.2966] [INSPIRE].
[34] M. Honda, Direct derivation of “mirror” ABJ partition function, JHEP 12 (2013) 046
[arXiv:1310.3126] [INSPIRE].
[35] N.A. Nekrasov and S.L. Shatashvili, Quantization of Integrable Systems and Four
Dimensional Gauge Theories, arXiv:0908.4052 [INSPIRE].
[36] S. Bhattacharyya, A. Grassi, M. Marin˜o and A. Sen, A One-Loop Test of Quantum
Supergravity, Class. Quant. Grav. 31 (2014) 015012 [arXiv:1210.6057] [INSPIRE].
[37] T. Kitao, K. Ohta and N. Ohta, Three-dimensional gauge dynamics from brane configurations






[38] O. Bergman, A. Hanany, A. Karch and B. Kol, Branes and supersymmetry breaking in
three-dimensional gauge theories, JHEP 10 (1999) 036 [hep-th/9908075] [INSPIRE].
[39] M. Marin˜o, Chern-Simons theory, matrix integrals and perturbative three manifold
invariants, Commun. Math. Phys. 253 (2004) 25 [hep-th/0207096] [INSPIRE].
[40] M. Aganagic, A. Klemm, M. Marin˜o and C. Vafa, Matrix model as a mirror of
Chern-Simons theory, JHEP 02 (2004) 010 [hep-th/0211098] [INSPIRE].
[41] M. Marin˜o, Chern-Simons theory and topological strings, Rev. Mod. Phys. 77 (2005) 675
[hep-th/0406005] [INSPIRE].
[42] M. Tierz, Soft matrix models and Chern-Simons partition functions, Mod. Phys. Lett. A 19
(2004) 1365 [hep-th/0212128] [INSPIRE].
[43] A. Kapustin, B. Willett and I. Yaakov, Tests of Seiberg-like Duality in Three Dimensions,
arXiv:1012.4021 [INSPIRE].
[44] A. Giveon and D. Kutasov, Seiberg Duality in Chern-Simons Theory, Nucl. Phys. B 812
(2009) 1 [arXiv:0808.0360] [INSPIRE].
[45] B. Willett and I. Yaakov, N=2 Dualities and Z Extremization in Three Dimensions,
arXiv:1104.0487 [INSPIRE].
[46] M. Honda and S. Moriyama, Instanton Effects in Orbifold ABJM Theory, arXiv:1404.0676
[INSPIRE].
[47] C.A. Tracy and H. Widom, Proofs of two conjectures related to the thermodynamic Bethe
ansatz, Commun. Math. Phys. 179 (1996) 667 [solv-int/9509003] [INSPIRE].
[48] I.R. Klebanov and A.A. Tseytlin, Entropy of near extremal black p-branes, Nucl. Phys. B
475 (1996) 164 [hep-th/9604089] [INSPIRE].
[49] M. Marin˜o, Lectures on localization and matrix models in supersymmetric
Chern-Simons-matter theories, J. Phys. A 44 (2011) 463001 [arXiv:1104.0783] [INSPIRE].
[50] S. Banerjee, R.K. Gupta and A. Sen, Logarithmic Corrections to Extremal Black Hole
Entropy from Quantum Entropy Function, JHEP 03 (2011) 147 [arXiv:1005.3044]
[INSPIRE].
[51] S. Banerjee, R.K. Gupta, I. Mandal and A. Sen, Logarithmic Corrections to N = 4 and
N = 8 Black Hole Entropy: A One Loop Test of Quantum Gravity, JHEP 11 (2011) 143
[arXiv:1106.0080] [INSPIRE].
[52] A. Sen, Logarithmic Corrections to N = 2 Black Hole Entropy: An Infrared Window into the
Microstates, arXiv:1108.3842 [INSPIRE].
[53] A. Sen, Logarithmic Corrections to Rotating Extremal Black Hole Entropy in Four and Five
Dimensions, Gen. Rel. Grav. 44 (2012) 1947 [arXiv:1109.3706] [INSPIRE].
[54] A. Sen, Logarithmic Corrections to Schwarzschild and Other Non-extremal Black Hole
Entropy in Different Dimensions, JHEP 04 (2013) 156 [arXiv:1205.0971] [INSPIRE].
[55] M. Marin˜o and P. Putrov, Interacting fermions and N = 2 Chern-Simons-matter theories,
JHEP 11 (2013) 199 [arXiv:1206.6346] [INSPIRE].







[57] R. Dijkgraaf and C. Vafa, N=1 supersymmetry, deconstruction and bosonic gauge theories,
hep-th/0302011 [INSPIRE].
[58] R. Dijkgraaf, S. Gukov, V.A. Kazakov and C. Vafa, Perturbative analysis of gauged matrix
models, Phys. Rev. D 68 (2003) 045007 [hep-th/0210238] [INSPIRE].
[59] R. Gopakumar and C. Vafa, On the gauge theory/geometry correspondence, Adv. Theor.
Math. Phys. 3 (1999) 1415 [hep-th/9811131] [INSPIRE].
[60] G. Lockhart and C. Vafa, Superconformal Partition Functions and Non-perturbative
Topological Strings, arXiv:1210.5909 [INSPIRE].
[61] R. Gopakumar and C. Vafa, M theory and topological strings. 2., hep-th/9812127 [INSPIRE].
[62] N.A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2004) 831 [hep-th/0206161] [INSPIRE].
[63] A. Iqbal, C. Kozcaz and C. Vafa, The Refined topological vertex, JHEP 10 (2009) 069
[hep-th/0701156] [INSPIRE].
[64] D. Martelli and J. Sparks, The large-N limit of quiver matrix models and Sasaki-Einstein
manifolds, Phys. Rev. D 84 (2011) 046008 [arXiv:1102.5289] [INSPIRE].
[65] S. Cheon, H. Kim and N. Kim, Calculating the partition function of N = 2 Gauge theories
on S3 and AdS/CFT correspondence, JHEP 05 (2011) 134 [arXiv:1102.5565] [INSPIRE].
[66] D.L. Jafferis, I.R. Klebanov, S.S. Pufu and B.R. Safdi, Towards the F-Theorem: N = 2 Field
Theories on the Three-Sphere, JHEP 06 (2011) 102 [arXiv:1103.1181] [INSPIRE].
[67] D.R. Gulotta, C.P. Herzog and S.S. Pufu, From Necklace Quivers to the F-theorem, Operator
Counting and T(U(N)), JHEP 12 (2011) 077 [arXiv:1105.2817] [INSPIRE].
[68] D.R. Gulotta, J.P. Ang and C.P. Herzog, Matrix Models for Supersymmetric Chern-Simons
Theories with an ADE Classification, JHEP 01 (2012) 132 [arXiv:1111.1744] [INSPIRE].
[69] D.R. Gulotta, C.P. Herzog and T. Nishioka, The ABCDEF’s of Matrix Models for
Supersymmetric Chern-Simons Theories, JHEP 04 (2012) 138 [arXiv:1201.6360] [INSPIRE].
[70] R.C. Santamaria, M. Marin˜o and P. Putrov, Unquenched flavor and tropical geometry in
strongly coupled Chern-Simons-matter theories, JHEP 10 (2011) 139 [arXiv:1011.6281]
[INSPIRE].
[71] T. Suyama, Eigenvalue Distributions in Matrix Models for Chern-Simons-matter Theories,
Nucl. Phys. B 856 (2012) 497 [arXiv:1106.3147] [INSPIRE].
[72] T. Suyama, On Large-N Solution of N = 3 Chern-Simons-adjoint Theories, Nucl. Phys. B
867 (2013) 887 [arXiv:1208.2096] [INSPIRE].
[73] T. Suyama, A Systematic Study on Matrix Models for Chern-Simons-matter Theories, Nucl.
Phys. B 874 (2013) 528 [arXiv:1304.7831] [INSPIRE].
[74] M. Mezei and S.S. Pufu, Three-sphere free energy for classical gauge groups, JHEP 02 (2014)
037 [arXiv:1312.0920] [INSPIRE].
[75] A. Grassi and M. Marin˜o, M-theoretic matrix models, arXiv:1403.4276 [INSPIRE].
– 53 –
